We compute all loop topological string amplitudes on orientifolds of local Calabi-Yau manifolds, by using geometric transitions involving SO/Sp Chern-Simons theory, localization on the moduli space of holomorphic maps with involution, and the topological vertex. In particular we count Klein bottles and projective planes with any number of handles in some Calabi-Yau orientifolds.
Introduction
The large N duality between open and closed topological strings, which was first formulated for local conifold transitions [17] , has been extended in various directions. It has been shown to be valid for more general toric geometries, leading to the definition of the topological vertex [2] , a cubic field theory that computes the all genus amplitudes of open and closed topological strings on any non-compact toric Calabi-Yau threefold. The large N duality has also been extended in [29] to a simple orientifold theory, namely the orientifold of the conifold.
In this paper we propose a generalization of the large N correspondence of [29] for more complicated orientifolds. Namely, we find that the partition function of closed topological strings on the orientifold (including unoriented contributions and oriented contributions from the covering space) is equivalent in the large N limit to the Chern-Simons partition function on the threefold after a geometric transition. The IP 1 's that were invariant under the involution, becoming IRIP 2 's in the orientifold, give SO(N ) -or Sp(N ) -Chern-Simons theory on the S 3 's resulting from the geometric transition. One has also to add instanton contributions localized on the fixed locus of a torus action on the deformed geometry. This is a highly non-trivial proposal, as more complicated orientifolds involve instanton contributions to the Chern-Simons partition function. Moreover, for more general orientifolds, the geometry of the covering space becomes quite different from the one of the resulting orientifold. It is not obvious at all that both the oriented and unoriented contributions to the closed topological strings partition function are encoded in the Chern-Simons setup. But it turns out to be true in the examples we consider.
We also find that the closed topological string amplitudes on the orientifolds of the type we describe below can be also computed with the topological vertex introduced in [2] , by using a prescription that takes into account the involution of the target. We explicitly prove that this prescription is equivalent to the large N Chern-Simons dual.
This prescription extends the general formalism of the topological vertex to include the case of orientifolds.
To test our result we compute the unoriented contributions on the closed topological strings side using the unoriented localization techniques developed in [13] . This computation does not rely on large N duality at all, consequently providing an independent check of our proposal. In [29] it was found that only unoriented maps with one crosscap contribute to the partition function. However, in the general case, we find that configurations with two crosscaps, that is Klein bottles, do contribute as well.
To make the proposal more concrete we focus on a particular geometry in this paper.
We consider a noncompact Calabi-Yau threefold X whose compact locus consists of two compact divisors each isomorphic to a del Pezzo surface dP 2 and a rational (−1, −1) curve that intersects both divisors transversely. The divisors do not intersect each other. We will equip X with a freely acting antiholomorphic involution I and consider an orientifold of the theory obtained by gauging the discrete symmetry σI, where σ is a worldsheet antiholomorphic involution. The geometry is described in more detail in section 3.
The partition function of the closed topological A-model with this geometry as target space will sum both over maps from orientable worldsheets to X (with the Kähler parameters identified by the involution set equal) as well as over non-orientable worldsheets to the orientifolded geometry.
The orientifolded geometry allows a local geometric transition that will be described in detail in section 3. This amounts to contracting two IP 1 's and an IRIP 2 and replace them by three S 3 's. We conjecture that the dual open string model will consist of a system of Chern-Simons theories supported on the three spheres, with U (N 1 ) and U (N 2 ) groups on the spheres corresponding to the contracted IP 1 's and SO(N 3 ) -or Sp(N 3 ) -group on the sphere corresponding to the contracted IRIP 2 . The new ingredient is that the Chern-Simons theories will be coupled by cylindrical instantons.
The paper is organized as follows. Section 2 summarizes general results for A-model topological strings on an orientifold. Section 3 describes in some detail the particular geometry and the geometric transition on which we will focus in this paper. In section 4 we compute explicitly the Chern-Simons amplitude obtained after the geometric transition.
Section 5 presents the unoriented localization computation, and shows that it gives exactly the same contributions for the one and two crosscaps instanton configurations. We then propose our prescription based on the topological vertex in section 6, proving its equivalence to the Chern-Simons computation. Finally, in section 7, we point out some possible extensions of our results to more complicated situations.
A-model Topological Strings on an Orientifold

Type IIA superstrings and topological strings on an orientifold
It is a well-known fact that, when type IIA theory is compactified on a Calabi-Yau manifold X, the resulting four dimensional theory is N = 2 supergravity with h 1,1 (X) vector multiplets t i . The N = 2 prepotential that governs the effective action of the vector multiplets, F 0 (t i ), can be computed by the genus zero free energy of the A-model topological strings with the Calabi-Yau as target space (see [20] for a review of topological strings and related issues). Higher genus free energies F g (t i ) of the topological string theory also play a role in the four dimensional supergravity theory, and compute higher curvature couplings involving the graviphoton [7, 6] .
One way to break N = 2 supersymmetry down to N = 1 is to consider an orientifold of the theory. The orientifold is defined by combining an involution symmetry I on the Calabi-Yau X with an orientation reversal diffeomorphism σ on the worldsheet Σ. In the context of type IIA superstrings, the orientifold is only well defined if the involution is anti-holomorphic. Furthermore, the worldsheet diffeomorphism has to be orientation reversal [1, 13, 8] . The resulting theory in four dimensions has N = 1 supersymmetry, and − (X) is the number of harmonic (1, 1) forms on X which have −1 eigenvalue under I (see [8] for a description of the spectrum of massless modes in four dimensions).
These considerations hold in the context of A-model topological strings as well: Amodel topological strings possess a worldsheet orientation reversal symmetry when accompanied with an anti-holomorphic involution of the target space [1] . It is thus possible to consider A-model topological strings on an orientifold defined as above. The twisted sector of the topological string amplitude on the orientifold includes amplitudes for unoriented Riemann surfaces. Recall that a closed, non-orientable Riemann surface is characterized by its genus g and by the number of crosscaps c, which can be one or two (crosscaps can be traded for handles when the number of crosscaps is higher than two). For example, the surface with g = 0 and c = 1 is the real projective plane IRIP 2 , while the surface with g = 0 and c = 2 is the Klein bottle. It was shown in [1] that the superpotential of the
− (X) chiral multiplets is given by the IRIP 2 amplitude of the topological string theory.
As far as we know, the topological amplitudes involving more handles or crosscaps do not have an interpretation in the N = 1 supergravity theory.
Generally speaking, one could consider type IIA superstrings on a non-compact orientifold, with D-branes and orientifold planes [1] . In this paper we will only consider type IIA superstrings without D-branes or orientifold planes (albeit our approach could probably be generalized to these cases). This means that the anti-holomorphic involution must have no fixed points. Moreover, as the parent theory has no D-branes, to compute the superpotential we only need to consider A-model closed topological strings.
Structure of the topological string amplitudes
Roughly speaking, the free energy of A-model closed topological strings counts the number of holomorphic maps from the worldsheet to the target space, weighted by a factor of e −A where A is the area of the embedded curve. In the context of orientifolds, the partition function of topological strings sums over holomorphic maps in two different sectors:
the "untwisted" and the "twisted" sectors. The former consists of usual holomorphic maps from orientable worldsheets to the covering space, i.e. the non-compact Calabi-Yau threefold without the involution. The latter consists of equivariant maps f : Σ → X satisfying the equivariance condition
where I is the antiholomorphic involution acting on X, and σ : Σ → Σ is the orientation reversal diffeomorphism of the Riemann surface which is needed in order to construct the orientifold action. Notice that, if Σ has genus zero, the action of σ is given by z → −1/z.
The relevant maps in the twisted sector are then the maps which are compatible with the orientation reversal diffeomorphism on the worldsheet and the anti-holomorphic involution on the target space, and descend to holomorphic maps from non-orientable worldsheets to the orientifold.
The structure of the total free energy of the A-model is then
where g s is the string coupling constant. In this equation, F (X/I, g s ) or is the contribution of the untwisted sector, and F (X/I, g s ) unor is the contribution of the twisted sector.
Moreover, we have [18, 29] 
Here, F (X, g s ) is the free energy of the covering X of X/I, after suitably identifying the Kähler classes in the way prescribed by the involution I, and we have written it in terms of Gopakumar-Vafa invariants n g Q [18] . The notation is as follows: t = (t 1 , · · · , t n ) denotes the set of Kähler parameters of X after identification through the involution,
is an n-uple of integer numbers that label integer two-homology classes, and q = e g s .
The unoriented contribution in (2.2) comes from holomorphic maps from closed nonorientable Riemann surfaces to the orientifold X/I. The Euler characteristic of a closed Riemann surface of genus g and c crosscaps is χ = −2g + 2 − c where c is the number of crosscaps. We then have
which corresponds to the contributions of one and two crosscaps. Following the arguments in [18] we expect the structure
where n g,c Q are integers. The ± sign in the c = 1 free energy is due to the following: the target space anti-holomorphic involution does not fully specify the unoriented part of the free energy on the orientifold, since we have to make a choice for the sign of the crosscaps. Depending on this choice, we will have the two different signs for c = 1. This corresponds to the choice of SO or Sp group in the gauge theory dual. This remaining choice is also easily understood on the mirror symmetric side [1] . For the conifold, the B-model mirror symmetric description involves two orientifold 5-planes. The two choices of signs for crosscap states correspond on the mirror symmetric side to the two following choices for the charges of the O5-planes: +− and −+ [1] . A similar story holds for more complicated orientifolds. Notice as well that the sum over multicoverings d in (2.5) is only over odd integers. In the case of c = 1 this follows from an elementary geometric argument, since there are no even multicoverings (see [29, 1] ). For c = 2 there is no such a simple argument, but our explicit computations both in Chern-Simons theory and in localization of unoriented instantons indicate that only odd multicoverings contribute.
Geometric Transitions
Orientifold of the resolved conifold and its geometric transition
In [29] it was proposed that in the large N limit, closed topological strings on the orientifold of the conifold are dual to SO(N )/Sp(N ) Chern-Simons theory on S 3 , where the choice of gauge group is related to the choice of sign for the crosscaps. Since this is the starting point for our discussion, let us review in some detail the results of [29] .
We start with a theory of topological open strings on the deformed conifold defined 
where the ∓ sign corresponds to SO/Sp, respectively. In (3.2), q = e g s , with
and y is the dual Coxeter of the gauge group, which is N − 2 for SO(N ) and N + 1 for Sp(N ). The parameter t in (3.2) is the 't Hooft parameter, given by
for SO/Sp, respectively. In the usual geometric transition of [17] , the dual to the deformed conifold is the
This Calabi-Yau threefold admits a toric description given by the following toric data:
This means that Y is defined as the space obtained from
after quotienting by the U (1) action specified by the charges in (3.5). The involution (3.1)
of the deformed conifold maps to the antiholomorphic involution of Y defined by:
It is easy to see that Y /I contains a single IRIP 2 obtained from the quotient of the IP 1 of Y by I. We will represent the quotient of the resolved conifold by that involution in terms of the toric diagram depicted in fig. 1 .
The free energy of the SO/Sp Chern-Simons theory gives the total free energy of closed strings propagating on Y /I. The first term in (3.2) gives the oriented contribution, while the second term gives the unoriented contribution, and they have the structure explained in (2.3) and (2.5) . Notice that in the case of the unoriented contribution we have
depending on the choice of sign for the crosscaps, and all the remaining Gopakumar-Vafa invariants vanish. In particular, the contribution of Riemann surfaces with two crosscaps is zero. As we will see in this paper, in more general cases there are two-crosscaps contributions. The above prediction of the large N transition for the free energy was checked in [1] against mirror symmetry, and in [13] against localization computations for unoriented Gromov-Witten theory.
Our main example
In this paper we want to generalize the open/closed string duality studied in [29] to more general orientifolds. We will mainly focus on a noncompact Calabi-Yau manifold X described by the following toric data: The compact locus consists of two divisors that are each isomorphic to a del Pezzo surface dP 2 and a rational (−1, −1) curve that intersects both divisors transversely. Note that the two compact divisors do not intersect. We now consider a real torus action on X given by:
The configuration of invariant curves is presented in fig. 3 . We now define the antiholomorphic involution as follows:
The subtorus of (3.10) that is compatible with the involution is defined by the following constraints on the weigths
Imposing these constraints does not enlarge the set of invariant curves.
It is often useful [4] to consider a related Calabi-Yau threefold X obtained from X by flopping the two exceptional curves outside of the compact divisors. The "commuting square" of geometries (where the arrows correspond either to flopping or to quotienting by the antiholomorphic involution) is presented in fig. 3 . We can now follow the logic in [5, 11, 12, 4] and consider a geometric transition in which each of the resolved conifolds (or their orientifolds) that exist locally in the geometry are replaced by deformed conifolds (or their orientifolds). In the above example, this means that we contract two IP 1 's and an IRIP 2 and we replace them with three spheres carrying U (N ) and SO(N )/Sp(N ) Chern-Simons theories, respectively. The transition is represented in fig. 3 . In the next section we will see how to obtain the closed string amplitudes in the orientifold from Chern-Simons theory 
Closed String Amplitudes from Chern-Simons Theory
Results from Chern-Simons theory with classical gauge groups
As we will see in a moment, in order to compute the free energies of topological strings on orientifolds via geometric transitions we have to compute the Chern-Simons invariants of the unknot and the Hopf link of linking number +1 in arbitrary representations of U (N ), SO(N ) and Sp(N ). In this section we will denote q = e g s and
Notice that the 't Hooft parameter of the classical gauge groups can be written as
For an arbitrary gauge group G it is a well known result that the ChernSimons invariant of the unknot in an arbitrary representation R is given by the so-called quantum dimension of R [31] :
where S 0R , S 00 are entries of the S matrix of the WZW model with the corresponding gauge group and at level k (recall that k is related to the string coupling constant by (3.3)). Using Weyl's formula one can write the quantum dimension as a product over positive roots α ∈ ∆ + :
where Λ R is the highest weight of the representation R and ρ is the Weyl vector. We also defined the following q-number:
The expression (4.5) can be written more explicitly for the different classical gauge groups. Let R be a representation corresponding to a Young tableau with row lengths 
where we defined
We can also find explicit expressions for the quantum dimensions of SO(N ) and Sp(N )
with λ = q N+a which leads to λ = q N−1 for SO(N ) and λ = q N+1 for Sp(N ). Using (4.9)
where R T is the transposed or conjugate representation, related to R by exchanging rows with columns, SO(−N ) is meant in the sense of analytic continuation, and ℓ(R) is the number of boxes of the Young tableau. This relation is part of the "SO(N ) = Sp(−N )" equivalence [10] . A relation similar to (4.11) holds for usual dimensions [28] .
Using (4.7) and (4.9) one can also infer the following formula for quantum dimensions of representations of SO(N ) and Sp(N ) in terms of quantum dimensions of representations 12) where the skew quantum dimension is defined by
are the usual Littlewood-Richardson coefficients that appear in the tensor product of U (N ) representations:
R. In (4.12) the sum is over self-conjugate representations, i.e. representations that are equal to their transpose, and starts with the trivial representation: {·, , , , , ...}. r(Q) denotes the rank of Q, which is defined as the number of boxes in the leading diagonal of the Young tableau [23] .
The − sign is for SO(N ) representations while the + sign is for Sp(N ) representations.
As we will see in the following sections, the relations between quantum dimensions of representations of SO(N ) and Sp(N ) (4.11) and (4.12) are responsible for the fact that partition functions of SO(N ) and Sp(N ) differ only by an overall sign in front of the unoriented contributions with an odd number of crosscaps, which lead to the interpretation that they correspond to different choices of sign for the crosscap states. Basically, the first term in the sum of the right hand side of (4.12) is responsible for oriented contributions to the partition functions, so they are the same for SO(N ), Sp(N ) and U (N ) gauge groups. The other terms in the sum are responsible for unoriented contributions to the partition function, and the difference of sign in the exponent of the (−1) factor leads to a relative minus sign between unoriented contributions with an odd number of crosscaps of the SO(N ) and Sp(N ) partition functions.
Another important ingredient we will need is the framing of knots and links [31] .
Given a knot invariant in representation R, we can change its framing by p units (where p is an integer) if we multiply it by
where C R is the quadratic Casimir of the representation R. The quadratic Casimirs have the following expressions for the different classical gauge groups:
where a is given by (4.2), and
The framing factor can then be written as
The sign in (4.14) is not standard in the context of Chern-Simons theory, but as shown in [3, 25] , it is crucial in the context of topological string theory in order to guarantee integrality properties in the resulting amplitudes. To incorporate a change of framing in a link, we just change the framings of each of its components according to the rule (4.14)
as well.
In our computations we will also need the invariants of Hopf links with linking number +1. For arbitrary gauge group G, the invariant of the Hopf link with linking number +1 is given by the normalized inverse S matrix [31] , and it can be written in terms of quantum dimensions as (see for example [19] ) 18) where the sum is over all representations R occurring in the decomposition of the tensor product of R 1 and R 2 . In the U (N ) case, we can replace the Casimir operators C R i appearing in (4.18) by κ R i , since ℓ(R) = ℓ(R 1 ) + ℓ(R 2 ) in the decomposition of a tensor product of irreducible representations of U (N ). However this relation between the number of boxes of Young tableaux does not hold in the SO(N ) and Sp(N ) cases. We thus find 
where the Young tableaux are associated to irreducible representations of SO(N ). To compute the decompositions for Sp(N ) representations, one only has to replace the subsets {δ} and {γ} respectively by the subsets {β} and {α}, which are also explained in Appendix A [28] . Using this technique one can decompose any tensor products of SO(N ) and Sp(N )
representations into a sum of irreducible representations, which is needed in the computation of expectation values of Hopf links using (4.19) . One finds that the decomposition of tensor products is always the same for SO(N ) and Sp(N ) representations, justifying our claim above.
The procedure we have described turns out to be rather involved, and fortunately there is a more direct way of computing M R R 1 R 2 through the following formula [21, 15] : 23) where the dots refer to terms with lower powers of λ. The leading part of W
we have denoted by W R 1 R 2 , can be computed in terms of Schur polynomials in an infinite number of variables (see for example [2, 26, 14] for more details):
where {µ
is the partition corresponding to R 2 . We will also denote , one can see that it is a Laurent polynomial in λ 1 2 , whose highest power is also λ (ℓ(R 1 )+ℓ(R 2 ))/2 , and which has the same leading coefficient W R 1 R 2 (q).
Computation of open string amplitudes
We will now follow the results in [4, 11, 12] For open strings with both ends on the same S 3 , the dynamics is described by a Chern-Simons theory as usual. For M 1 and M 2 , the Chern-Simons theories respectively have gauge groups U (N 1 ) and U (N 2 ), while for M 3 it has gauge group SO(N 3 ) or Sp(N 3 ).
However, there are also cylindrical open string instantons coupling the Chern-Simons theories on different spheres [30] . Schematically, the path integral becomes
where S CS i (A i ), i = 1, 2, 3 are the Chern-Simons actions for the three S 3 's. The instanton sector, S inst , can be computed by using localization (as in [11, 12] ) or by using the techniques of [4] . We will follow here the procedure of [4] . As explained there, the bifundamental strings stretching between two three sphere S 3 's give a massive complex scalar field, with mass proportional to the complexified Kähler parameter r c corresponding to the "distance" between the two spheres. After integrating out this scalar field one finds an operator which corresponds to a primitive annulus of size r c together with its multicovers.
The boundaries of the annulus are on the two three spheres between which the bifundamental strings are stretched. These cylindrical instantons and the geometry are shown in fig. 5 . Inserting one operator for each cylindrical instanton we find
where we have defined the holonomy variables it would be interesting to investigate further why this is so.
We can now write the total free energy F = − log Z (with Z given in (4.25)) as
where F (M i ) are the free energies of the Chern-Simons theories in the spheres M i , i = 1, 2, 3, and F inst is:
where L i is the link formed by the knots (Ξ i , Γ i ) and
(4.32)
It was shown in [4] (using our notation as in fig. 5 ) that 
where the λ dependent pieces of (4.17) have been absorbed in a redefinition of r ci . Therefore (4.31) becomes
where we singled out the term coming from R 1 , R 2 , R 3 = ·, i.e. the three representations being the trivial representation.
Duality map and closed string amplitudes
Let us first recall the variables we have defined so far. We first defined the ChernSimons variables q = e g s and λ i = q N i +a i , with g s = 2πi k i +y being the same for the three theories. We denote the three Kähler parameters of the cylindrical instantons by r ci , i = 1, 2, 3 and the three 't Hooft parameters of the different gauge groups by t i . We now want to relate the open string parameters t i and r ci to the following closed string parameters: t, which is the Kähler parameter of IP 2 , and s i , i = 1, 2, 3, which are the Kähler parameters of the two IP 1 's and the IRIP 2 . The duality map reads
(4.36)
Let now q i be q i = e −s i = e −t i , i = 1, 2, 3, and let ℓ be ℓ(R 1 ) + ℓ(R 2 ) + ℓ(R 3 ). We can rewrite the open string partition function (4.35) using (4.36): with positive integer coefficients, as it should. We can now expand the logarithm to find
where the connected coefficient Z (c) ℓ are given by
These coefficients give the instanton partition function order by order in the Kähler parameter e −t . Using the formulae given above for Hopf link invariants with classical gauge groups, we can explicitly compute the coefficients Z (c)
ℓ . The contributions independent of the Kähler parameter t are given by the sum of Chern-Simons free energies on S 3 3 i=1 F CS (M i ), which have already been computed in [29, 17] .
The oriented contribution
As we explained in section 2, F inst contains contributions due to oriented and to unoriented instantons. In order to compute the closed, unoriented string amplitudes we have to subtract the oriented part, which we must compute independently. The covering space X is the Calabi-Yau manifold depicted in fig. 6 . The oriented amplitude can be computed using the topological vertex formalism [2] . Using the formulas and gluing rules explained in [2] we find 
where C R i R j R k is the topological vertex amplitude, which can be expressed in terms of the quantities (4.24):
Using (4.40) we can express again the free energy as a sum over connected coefficients
The free energy computed in (4.38) should equal, according to (2.2),
where F (X) is given in (4.43). This determines the unoriented part, which should have the structure given in (2.5). We will encode the resulting oriented and unoriented GopakumarVafa invariants in the following generating functionals We present the results for the functionals given by (4.45) in Appendix B. For the sake of brevity, here we present the results only in the limiting case where we take the volumes of the two IP 1 's attached to the IP 2 to infinity, as in [4] . We thus obtain the answer for the simpler geometry whose toric diagram is depicted in fig. 7 . This geometry already captures all the interesting features of the unoriented and oriented generating functionals.
To take this limit, one can directly consider the generating functionals (4.45) and set q 1,2 = 0, which corresponds to sending the two Kähler parameters to infinity. One can also obtain this limit by taking the leading piece of the U (N ) Hopf link invariants in (4.37), in the sense explained in (4.23). The free energy of this geometry is just:
The result can now be encoded in the simpler generating functionals at genus 7, up to d = 6. at genus 10, up to d = 6.
Unoriented Localization
As explained in section 2, to compute the full partition function of closed topological strings on the geometry before the geometric transition, we have to sum both over holomorphic maps from orientable Riemann surfaces to the Calabi-Yau space X as well as maps from non-orientable worldsheets to the orientifolded space X/I.
In [13] it was developed a method for summing unoriented world-sheet instantons for closed topological strings based on localization with respect to a torus action on a moduli space of equivariant holomorphic maps. Although in [13] this moduli space has not been constructed, a computational definition for its virtual fundamental cycle was given.
Concretely, this reduces to enumerating all fixed loci under an induced torus action on the moduli space and assigning a local contribution to each component of the fixed locus using an equivariant version of the localization theorem of [16] . Moreover, in [13] it was shown that the fixed loci can be represented in terms of Kontsevich graphs [22] with involution.
This method does not rely on large N duality, and therefore may provide an independent check of our large N duality proposal for orientifolds. Namely, we can employ the localization techniques of [13] to compute one crosscap and two crosscaps contributions to the full closed topological string partition function on the orientifolded geometry before the geometric transition.
We can use the computation in [13] to confirm the one crosscap invariants for low degree and genus obtained from the Chern-Simons computation. There, it was computed the unoriented free energy for a IP 2 with a IRIP 2 attached. This is exactly the limiting geometry for which we presented our results in Tables 1 − 16 , related to the full geometry of section 2 by sending the two Kähler parameters of the two IP 1 's of the full geometry to infinity. In our variables, the result of [13] reads
+ ...). In the following we will compute some Klein bottle amplitudes using unoriented localization. We will find agreement with the Chern-Simons and with the topological vertex computations presented in the next section. We will perform the computations in the Calabi-Yau geometry X. In the patch {X 1 = 0, X 7 = 0, X 10 = 0} we introduce local
Using (3.12) we obtain the weights of the local coordinates
Note that the triviality of the canonical bundle of X implies λ z + λ u + λ v = 0.
We will denote the contributions of the fixed loci by C χ,d,h , where χ the Euler characteristic of the unoriented source Riemann surface and d and h are the degrees of the map with respect to the IRIP 2 and hyperplane class of IP 2 respectively.
Unoriented localization
The computation at degree 0 hyperplane class has been performed in [13] . Let us recall the graphs and their contributions.
(b) (a) Fig. 8 : Two crosscaps and no hyperplane at degree 2 IRIP 2 .
Note that in case (b) the antiholomorphic involution exchanges the two components of the source curve. In [13] it has been postulated that such an operation will introduce an additional minus sign. Therefore the contributions of the two graphs are
Let us consider now the degree 1 hyperplane class configurations. The graphs allowed are presented in fig. 9 below. The allowed configurations are obtained by performing bubblings at the nodes of the graphs in fig. 8 and inserting degree 1 hyperplane graphs; we will call such configurations type II graphs. They come in pairs, each one admits a mirror graph. From now on, we will draw a single graph for each mirror pair. The contributions of the above configurations are given by
where we have used again the sign rule postulated in [13] . The graph contributions add up to zero.
The discussion is very similar at degree 2 hyperplane class. The only graphs appearing are of type II and they cancel in pairs due to the same sign rule as above.
At degree 3 hyperplane class, something new happens. Besides the pairs of thpe II graphs that cancel each other, there appear new configurations, which we will call type III graphs. They are presented in fig. 10 below. 0,2,3 = 1. Therefore, we obtain that, up to degree 3 hyperplane class, the 2 crosscaps degree 2 IRIP 2 Gromov-Witten invariant vanishes. In fact, this will be true at any hyperplane class degree.
Unoriented localization @ 2 crosscaps @ degree 4 IRIP
2 At degree 0 hyperplane class this computation has been performed in [13] . We list the graphs Using again the sign rule in [13] , the two graphs in each line (A), (B) or (C) of fig. 12 give contributions that add up to zero. We now turn to type II graphs; they are presented in fig. 13 and their contributions are: 
It is easy to check that C In fact, the same holds true for degree 2 hyperplane class also. We can split the allowed configurations in graphs of type I and II above. Configurations of type I are built by starting with the graphs (a) and (b) in fig. 11 and further adding in all possible ways degree 2 graphs in IP 2 . Therefore, they will always cancel against their twisted versions.
Configurations of type II are constructed starting with the graphs (c), (d) and (e) in fig. 11 , performing a bubbling at a pair of identified nodes and inserting degree 2 graphs in IP 2 .
The fact that they add up to zero follows immediately from the computations above.
At degree 3 hyperplane class there appear again type I and type II graphs. We claim that their contributions sum up to zero, as above. However, as in the computation in the previous subsection, we obtain also type III graphs. We present them below. We compute the contributions of the graphs in fig. 14 and obtain
The sum of the above expressions is equal to 1, which is exactly n 0,2 3,2 of Table 1 , as it should be. It is straightforward to perform now a similar computation but taking also into account the two (−1, −1) curves that are transversal to the IP 2 . The result is that at degree 3 hyperplane class we obtain the following contribution from 2 crosscap configurations
which is in agreement with the Chern-Simons theory result presented in appendix B.
Topological Vertex Computation
Using large N duality, it was recently proposed [2] that the free energy of closed topological strings on a toric manifold can be computed using a cubic field theory, namely a topological vertex and gluing rules. In this section we present a prescription to compute all genus topological string amplitudes on orientifolds with an external "IRIP 2 leg" by using the topological vertex formalism. We will also explicitly show that this prescription is equivalent to the large N dual Chern-Simons computation. Consider a quotient X/I of a local, toric Calabi-Yau manifold X by an involution I which can be represented as in fig. 15 . We have a bulk geometry, represented by the blob, attached to an IRIP 2 through an edge associated to the representation R. Let us denote by O R the amplitude for the blob with the external leg. We propose the following formula for total partition function:
General prescription
where the sum is over all self-conjugate representations R. Here r(R) denotes the rank of R, as in (4.12), and Q = e −s is the exponentiated Kähler parameter corresponding to the IRIP 2 . The ∓ sign is correlated with the choice of ± sign for the crosscaps, and corresponds to the SO/Sp gauge duals, respectively.
The prescription (6.1) comes from the action of the involution I on the partition function on the covering space, which is given by
where the Kähler parameters have been identified in the way prescribed by the involution.
The involution I maps one half of the toric diagram onto the other half, reversing the orientation of the middle leg. The resulting partition function is the one given by (6.1).
We are presently investigating in more details the origin of (6.1). Having a clear understanding of this formula will probably allow us to define a similar prescription for involutions with a fixed locus, like the I + of [1] .
The restriction to self-conjugate representations may appear surprising at first sight.
But in the topological vertex formalism, inverting the orientation of one edge sends R to its transpose R T (and also introduces a factor of (−1) ℓ(R) ). Therefore, since the IRIP 2 leg is unoriented, its partition function must sum only over self-conjugate representations, which are the only representations consistent with the involution I.
It is interesting to note that the formula (6.1) is very similar to the formula for quantum dimensions of SO/Sp gauge group in terms of U (N ) quantum dimensions (4.12).
Both formulas share the constraint R = R T and the factor of (−1)
. This gives a geometrical argument, from the topological vertex formalism, for the appearance of SO/Sp gauge groups on the Chern-Simons side.
Examples
We now consider two examples of the above prescription.
1)
Orientifold of the resolved conifold. The simplest example is the orientifold of the resolved conifold first considered in [29] , which we reviewed in section 3. In that case, the toric diagram is very simple and has been drawn in the left hand side of fig. 1 . The rule (6.1) gives:
This should equal the free energy of Chern-Simons on the sphere for the gauge groups SO/Sp (3.2). The free energy (6.3) can be indeed computed exactly by using the following key formula due to Littlewood [23, 24] : 
Also, we can easily compute that 6) and from this we easily check that, indeed, the free energy computed in (6.3) equals (3.2).
2) Local IP 2 attached to IRIP 2 . The second example to consider is local IP 2 attached to a single IRIP 2 , whose toric diagram is drawn in fig. 7 , and which was discussed before from the point of view of geometric transitions. The amplitude for this geometry is given by (6.1) with
and t is the Kähler parameter of local IP 2 . If we now compare this expression to the one obtained by geometric transition in (4.46), we find that both amplitudes are equal if
where we have taken into account that the partition function of the geometry in fig. 7 also includes a t-independent piece which equals S SO(N)/Sp(N) 00
. The r.h.s. of (6.8) involves the Hopf link invariant for the gauge groups SO/Sp, where we put λ = Q −1 . Notice that
is a polynomial in Q 1 2 , while the l.h.s. of (6.8) is a priori an infinite series in Q 1 2 . The identity (6.8) can be easily proven in the simple case that R 1 (or R 2 ) is the trivial representation, by using again the key identity (6.4). Let us sketch the proof in the Sp case, the SO case being similar. we find a finite product After some massaging, and using the explicit formulae (4.7), (4.9), as well as the relation Although we don't have a full proof of (6.8) in general, we have checked it in many cases. This shows indeed that the topological vertex calculation and the geometric transition computation give the same result for this geometry, and indeed for all the geometries of the form depicted in fig. 15 .
Discussion and Open Problems
In this paper we have seen how to compute topological string amplitudes on a certain class of Calabi-Yau orientifolds, by using geometric transitions involving SO/Sp ChernSimons theory, the topological vertex formalism, and localization techniques. This allows us to extract BPS invariants counting higher genus curves with one and two crosscaps.
This work can be extended in various ways. First of all, it would be very interesting to consider Calabi-Yau orientifolds in which the involution has fixed loci, like for example the ones considered in [1] . In this case, the geometric transition of [29] is no longer useful and one has to find other ways of implementing a Chern-Simons dual description. In the context of the topological vertex formalism, we should find the right prescription to deal with fixed point loci, by using perhaps the group-theoretic results of [23] for SO/Sp. It would be also very important to clarify some issues that appeared in the orientifolds that we studied here. For example, one would like to have a more detailed derivation of the multicovering formulae for amplitudes involving two crosscaps and of the choice of annulus operator we made, as well as a more rigorous justification of the localization techniques we used. We expect to report on these problems in future work. Note that {β} and {α} are respectively related to {δ} and {γ} by taking the transpose of the representations, where by transpose we mean exchanging rows and columns.
Secondly
Appendix B. Results in the General Case
Here we present the results for the full generating functionals given by (4.45). The ± sign corresponds to Sp and SO, respectively. Of course, the oriented contribution for q 3 = 0 agrees with previous results for the local del Pezzo dP 3 with one Kähler parameter sent to infinity [9, 4] , and if we set q 1,2 = 0 we recover the results presented in Tables 1 − 16 (taking into account the 1/2 factor in the definition of the c = 0 generating functionals indeed).
We computed the results up to degree 5 in e −t , but we will present only the results up to degree 3 as the higher degree results are rather cumbersome. = 10 − 9(q 1 + q 2 + q 3 ) + 8(q 1 q 2 + q 1 q 3 + q 2 q 3 ) − 7q 1 q 2 q 3 , 
